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Constraint in science:
entropy (AS > 0): no perpetual machine
speed of light (c): special theory of relativity
mechanical constraints: Lagrangian mechanics

compute power: classical molecular dynamics (MD)— ab
initio MD— ML interatomic potential (MLIP)

rare events: biased Monte Carlo methods=>Transition Path
Sampling (TPS)
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> event that occur over timescales far too long for standard MD

> transitions between states separated by high energy barriers
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Chemical reaction

“In the fields of observation, rare events favors only the prepared
mind." - Louis Pasteur
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Monte Carlo Simulation

Configuration: a point in phase
space: T' = (x;, v;)

U MC moves includes: translation,
’ rotation, volume change, insertion,
= deletion, swap

acceptance of the trial move:

P pgen(x” > x°)
p(x°)pgen(x® — x7)

Pacc = min |1,

—BU(x°
{x?, v’} = p(x°) x e AUGE) symmetric proposal
T} = 07 ox U

Pgen(X" = X°) = pgen(x® — x")



Monte Carlo Simulation

Configuration: a point in phase
space: T' = (x;, v;)

) MC moves includes: translation,
’ rotation, volume change, insertion,
— deletion, swap
./' standard MC acceptance rule:
. p(x")
= min |1
Pacc [ ,p(Xo)
{Xioa Vio} s p(XO) x e—BU(xO) symmetric proposal

{7 v} = p(x") oc e PV Pgen(X" = X°) = pgen(x® — x™)
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Configuration: a point in phase
space: T' = (x;, v;)

) MC moves includes: translation,
’ rotation, volume change, insertion,
o deletion, swap
./ standard MC acceptance rule:

U(x")=U(x°))

Pacc = min [L e_ﬁ(

a < pacc accept

{x2,v?} = p(x°) oc e PV #(01)~ o — :
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Monte Carlo Simulation

Configuration: a point in phase
space: T' = (x;, v;)

) MC moves includes: translation,
’ rotation, volume change, insertion,
— deletion, swap
. standard MC acceptance rule:

U(x")=U(x°))

Pacc = min [L e_ﬁ(

o o < t
(P > px?) U (0D {0‘ Pacc accep

P .
U(x™ o > Pacc reject

(X v} = p(x") o e™?

» 7

random walk in the configuration
space
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Configurational Space vs Trajectory Space

Bolhuis et al., Advanced Theory and Simulations 4.4 (2021)

trial move in configurational space

trial move in trajectory space

(1990s): David Chandler et al. introduced TPS

B a conceptual shift

a statistical analysis of
= ¢ entire dynamical pathways

p(x) plx]
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> Trajectory/path: a sequence of
points in the phase space,

x = {(x0, v0), (x1,v1), (x2, v2)}
» Path Ensemble: p[x]

plx] < p(x0)p(x0 — x1)p(x1 — x2)
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Trajectory/Path

Trajectory/path: a sequence of
points in the phase space,

x = {(x0,v0), (x1,v1),...,(x3,v3)}
Path Ensemble: p[x]
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plx] o< p(x0) H p(Xi — Xit1)
i=0
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Path Ensemble: p[x]
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Trajectory/Path

Trajectory/path: a sequence of
points in the phase space, \

x = {(x0,v0), (x1,v1),. .., (xe,ve)} b=
Path Ensemble: p[x] | ‘
L—1 w
plx] o< p(xo) [ [ PG = xiv1)
i=0

Key Question: "What are the most

likely ways for a system to get from
point A to point B?"

reactive trajectory = valid transition paths



Transition Path

> transition path: a trajectory of a system that connects two
stable basins (A,B) separated by a high energy barrier
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hydrogen detaching from a H;O" (basin A) and bonding with

a neighboring H,O (basin B)
water molecule hopping from one cavity (basin A) to another
within a polymer (basin B)



Transition Path

» chemical reaction: reactant (basin A) — product (basin B)
= hydrogen detaching from a H;0™ (basin A) and bonding with
a neighboring H,O (basin B)
= water molecule hopping from one cavity (basin A) to another
within a polymer (basin B)
= Na't/CI™ detaching from a kink site on a salt crystal (basin A)
and entering the surrounding water (basin B)
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Biasing the Trajectory

> Biasing in Monte Carlo Simulation

Pbias X Wbiasp(x)

> Biasing the path ensemble:
PABIX] oC Whias[X]p[x]

where whias [X] = ha (x0) hg (x0),
> indicator function/population
operator

1 xeAB
hA’B(X):{o xd A B
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Moves for Trajectory Sampling

What moves are used to sample the biased path distribution?
Shooting move

> many implementation variants of the shooting move are
available = improve sampling efficiency

b)

Bolhuis et al., Advanced Theory and Simulations 4.4 (2021)
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Initial Trajectory

Initial Trajectory

In practice: initial paths are obtained from a high-temperature
simulation

run a long simulation using distributed computing or a
massively parallel supercomputer (Folding@Home, Anton)

biased /steered simulation (umbrella, metadynamics)
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> select a point on a transition path, (x, v) (shooting point @)

> perturb the momenta of the system at that point (x, v/)



Shooting Method

Initial Trajectory

Proposed Trajectory

> select a point on a transition path, (x, v) (shooting point @)
> perturb the momenta of the system at that point (x, v/)

> simulate forward and backward in time from this single,
perturbed point, (trial trajectory)
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Forward Simulation Step

Initial Trajectory

Forward Trajectory:
> start at the perturbed point (x;, v.) (frame 7)

> use the new, randomly perturbed momenta to integrate the
equations of motion forward in time,
(<, vi)Vie{r+1,...,L}

> stop when a stable state (B) is reached



Backward Simulation Steps

Initial Trajectory

03\0

Reverse Trajectory:
> reverse the momenta: p, — —p, (frame 7)
> integrate the equation of motion forward in time,
(xJ',vJ’) Vie{r—-1,...,0}
> stop when a stable state (A) is reached
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Initial Trajectory

Proposed Trajectory l

Concatenate the segments; this will be the proposed trajectory

Xtrial ~ PAB|X]



Proposed Trajectory

Initial Trajectory

Proposed Trajectory I

Concatenate the segments; this will be the proposed trajectory

Xtrial ~ PAB|X]

B Accept or Reject?
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Final Step

Acceptance probability:

n n % o
Pacc[xo — X”] — min (17 pAB[X ]pgen[X X ]>

PAB[X°] pgen[x° — x"]

this acceptance is reduced to:

P _ ha (x0) hg (xt) fix length L
"7 ha(x0) hg (x¢) min(1, L,/L,) flexible length L

if accepted: new starting point

if rejected: stays on the old path



Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"|pgen[x" — x|

=
PAB[X°]pgen[x® — X"

L—1 T
Pgenx° = X"| = pses(x? pr —>x,+1H X\ — X
i=1

i=T

p(xi = xi—1) = (xi,—Vj)
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Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"|pgen[x" — x|

=
PAB[X°]pgen[x® — X"

L—-1 —
pgen [Xn — xo] _ pse/(Xf) Hi:'r p(Xio — Xi?i-l) Hz—:l p(Xio - Xio—l)

Pgen [x0 — x"] Psel (X2) 1—“_:—7_1 P(an - Xin+1) H,‘T:1 I_J(an - X,'"q)

Peer(x0) = 1/(L—1)



Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"|pgen[x" — x|

=
PAB[X°]pgen[x® — X"

L—-1 —
pgen [Xn — xo] _ pse/(Xf) Hi:'r p(Xio — Xi?i-l) Hz—:l p(Xio - Xio—l)

Pgen [x0 — x"] Psel (X2) 1—“_:—7_1 P(an - Xin+1) H,‘T:1 I_J(an - X,'"q)

pse/(X;—)) . L-1

— -1
psel(X;—)) L-1




Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"|pgen[x" — x|

—
PAB[X°]pgen[x® — X"

pgen[xn — X ] MHI =7 p(X — Xl—i—l) H::l ﬁ(xio — Xio—l)

Pgen[X° — X MH, r P(X — X,+1) H,'Tzl p(x" — x[y)



Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"|pgen[x" — x|

=
PAB[X°]pgen[x® — X"

paB[X] o< ha(xo)hs(xL) H p(Xi = Xiy1)
i=0
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Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"|pgen[x" — x|

o

PAB[X°]pgen[x® — X"

L-1
pgen[xn — Xo] _ Hi:r p(X/O — Xﬁs—l) H/ 1p(X/O — X/o 1)
pge”[xo - Xn] Hf_:_rl p(X’n — Xln+1) Hi—l p(X,n - XlrLl)

T—1 L-1
paslx] o< ha(xo)hs(x0)p(x0) [ | p(xi = xiv1) [ pOxi = xis1)
i=0 i=T

microscopic reversibility

p(xi)p(xi = Xix1) = p(Xix1)P(Xit1 — X;)



Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"| pgen[x" — x°]

—
PAB[X°]pgen[x® — x"]

T—1 L-1
paglx] oc ha(xo)he(x0)p(x0) [ p(xi = xi1) [ PO = xi41)
i=0 i=t
microscopic reversibility
T—1 T7—1 p(X )
i+1) -
[ p(xi = xig1) = B (X1 — Xi)
i=0 =g PLi)



Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"| pgen[x" — x°]
PAB[X°] pgen[x° — x"]

—

paB[x] o< ha(xo)ha(xL)p(x0)

microscopic reversibility

T—1

H p(xi = xit1) =

i=0 i




Unpacking the acceptance rule

Lets focus on the acceptance ratio:

pAB[X"|pgen[x" — x|
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Unpacking the acceptance rule

71 _
() TTiZg PO — xq)
)

let's introduce the following definitions:

L—1
'Dforward(XTA..L) = H P(Xi — Xi+1)

i=T

Pbackward(XO...T) = ,D(X,‘ — X,',l)



Unpacking the acceptance rule

pgen[xn — Xo] . Pforward(X;—ij)Pbackward(x(‘i

L)

pgen[xo - Xn] B Pforward(X:mL)Pbackward(xg

1 L—
paslx"] ha(x§)ha(x7)p(x]) H,T:(Jl POy — x(y) Hi:Tl p(xy —

N

n
Xi_

1)

PaBl®] ha(x§)hs () p(x2) TTZg PO = x2) TIiS! PO — x2.1)



Unpacking the acceptance rule

Pgen|x” — x°

Pforward(X;—j_“L)Pbackward(x(‘))“_[_)
Pgen [xo —x" Prorward (X:.”L)Pbackward (XSL)

pAB[Xn] o hA(X(’;)hB(Xf)p(X‘fr])'Dforward(xqr]...L)Pb:auckward(xé7 .L)

I_
)

pAB[XO] B hA(Xé))hB(XE)IO(X’g)PfOI‘W&I’d(X:,,,L)PbaCkWard(XS.“L)



Unpacking the acceptance rule

n

Pgen[x — X ] ﬂ@wﬁﬁmpbackward(xgml_)
n
)

PAB|X
X0...

[
,OAB[XO pgen[x — Xn] Pforward(X:mL)Pbackward(

)Pforward( : L)’DbaCkWBer(X(S7 L)

]
]
a0 )hB(XL) (x
hA(Xo)hB XOMPbackward X() L)



Unpacking the acceptance rule

"] pgen[X”

pag[X"] = X% Prosearatx} ) Poaclowara{X5,.,

pAB[X°] Pgen [x° — x"] B /————'/’/—_/P b: Ta\Xp...L
ha(x5) he (X[ ) p(X7) Prosret TPy Td(Xp...L
ha(x§)he(xP) p(X2) Piswarat= ) P Td(X0...L



Unpacking the acceptance rule

pABIX"] pgen[X" = X°|  ProwwaraxC ) PhackwaratX5. |

PAB[X®] Pgen[X© = X" Pt T Pttt
XhA(Xé’)hB(XL) P(X) Piaretr TPt

ha(x§)he(x?)p x°>mmm

B acceptance ratio: fixed length
PAB[X"| pgen[x" — x°] _ ha(xg)he(x[')p(x7)
PAB[X°]pgen[x° = X" ha(x7)hB(x7)p(x?)




We can simplify it further
B acceptance ratio: fixed length

PAB[X"]pgen[x” — X°]

ha(

PAB[X°]pgen[x° — x|

ha(



We can simplify it further

B acceptance ratio: fixed length
pAB[Xn]pgen[Xn — Xo] N hA(XS)hB(X
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if only the momenta are perturb:

p(7) = p(x7)
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We can simplify it further

B acceptance ratio: fixed length
PAB[X"|pgen[x" — x°]
pAB[XO}pgen [XO — xn]

= ha(x§)ha(x])
if only the momenta are perturb:

p(x0) = p(x)

the initial trajectory is always a transition path:

ha(xg)he(x) =1



We can simplify it further

B acceptance ratio: flexible length
PABIX"|pgen[x" — x° Psel (X7
M Pgenl” 2 X7 g o) 22
PAB[X°]pgen[x® — x"] Psel(X27)

if only the momenta are perturb:

p(x0) = p(x)

the initial trajectory is always a transition path:

ha(xg)he(x) =1

if the length of the trajectory is not fixed:

psel(Xq?) . Ln

psel(er-I) B L,




Summary

trajectory/path: x = {(x0, vo), (x1, v1) ..., (xz, vi) }



Summary

trajectory/path: x = {(xo, vo), (x1, v1) ..., (xz, vi) }
trajectory ensemble p[x]:
L-1

plx] o< p(xo) H p(xi = Xit1)
i=0



Summary

trajectory/path: x = {(xo, vo), (x1, v1) ..., (xz, vi) }
trajectory ensemble p[x]:

L-1
plx| o< p(xo) [T p(xi = xis1)
i=0
bias the trajectory ensemble p[x] using an indicator function,

/)AB[X} X hA(XQ)hB(XL)/)[X}



Summary

trajectory/path: x = {(xo, vo), (x1, v1) ..., (xz, vi) }
trajectory ensemble p[x]:

L-1
plx| o< p(xo) [T p(xi = xis1)
i=0
bias the trajectory ensemble p[x] using an indicator function,

/)AB[X} X hA(XQ)hB(XL)/)[X}

sampling the bias path ensemble pag[x] using the shooting
algorithm:
Xi ~ pAB[X]



Summary

trajectory/path: x = {(xo, w), (x1,v1) - ., (x¢,ve)}
trajectory ensemble p[x]:
L1
plx| o< p(xo) [T p(xi = xis1)
i=0
bias the trajectory ensemble p[x] using an indicator function,

/)AB[X} X hA(XQ)hB(XL)/)[X}

sampling the bias path ensemble pag[x] using the shooting
algorithm:
Xi ~ pAB[X]

acceptance probability:

Pacelx® = X"] = ha(x{) s (xf) min (1,

Psel (X7) >

Psel (Xq,J )



Application in Chemistry

e ..
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Water Chain in Nanotube

transition path of water inside a carbon nanotube
%« -} R
o

\ ’ / L
0 Ops 0. 0 ps 0.1 ps 0. 25ps 0 3ps 0. 55ps 0. 7ps

> path of the rare events
— 1174 transition paths (water-chain reorientation) identified
P rate constant computation
— rate coefficient for dipole reorientation 1/(2.1ns)
> mechanism of the rare events
— due to the progression of a hydrogen-bonding defect
P reaction coordinate analysis

— dipole moment M, was determined to be a good reaction
coordinate
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Reaction Coordinate

TPS doesn’t use a reaction coordinatel!

reaction coordinate —TPS postprocessing analysis tool
reaction coordinate (q) is a variable that captures the
progress of transition, one where the energy of a system has a
well-defined maximum g* (transition state) along the path

V(q)

' Chandler, David, "Introduction to
l modern statistical mechanics” (1987)




Committors and Separatrix

committor, pa(x, ts): the probability that a trajectory,
initiated from a configuration x, will end in state A a short
time ts later

pa(x,ts) =1 — pa(x, ts)

separatrix: the surface in configuration space where the
committor value is approximately pa ~ pg ~ 1/2

“Separatrix”
'

ModelRC=0 . Poor Result = Good Result Moddl

ccccc

Probability of going to “B”

https://atesa.readthedocs.io/



Other Variations and Existing Tools

» Transition Interface Sampling (TIS): an extension of TPS
designed to improve the rate constant calculations

» Multiple State TPS (MSTPS): allows for the sampling of
transitions between more than two stable states in a single
calculation

» Replica Exchange TIS (RETIS): improves sampling efficiency
by exchanging paths between different interfaces, similar to
replica exchange in standard MC simulations

» Machine Learning-based TPS: the use of ML to classify stable
states or identify reaction coordinates

@) AEA WerRETS



Applications of TPS in Chemistry

— reactions coordinate — uses Replica Exchange
Transition Interface

free energy barrier Sampling (RETIS)

Nucleation

— proton transport: 1
paghe proton/hr at neutral
pH events

Transition in small
molecular system

. J Ton dissolution
Cavitation — detachment rate constant:
reaction coordinate k& — 6300 ms
— mechanism of the rare _
events © ka = 160000 ms

Dynamic phase
Evaporation transition

Chemical reaction

— 4696 evaporation — could define and track
trajectories "excitations” as they occurred



