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Constraint in science:
I entropy (∆S ≥ 0)

: no perpetual machine
I speed of light (c): special theory of relativity
I mechanical constraints: Lagrangian mechanics
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initio MD→ ML interatomic potential (MLIP)
I rare events: biased Monte Carlo methods⇒Transition Path
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I event that occur over timescales far too long for standard MD
I transitions between states separated by high energy barriers
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Configurational Space vs Trajectory Space

(1990s): David Chandler et al. introduced TPS
� a conceptual shift

static analysis
of configuration

ρ(x)

 ⇒


a statistical analysis of

entire dynamical pathways
ρ[x]



Bolhuis et al., Advanced Theory and Simulations 4.4 (2021)
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I transition path: a trajectory of a system that connects two
stable basins (A,B) separated by a high energy barrier

reactant (basin A) → product (basin B)
• hydrogen detaching from a H3O+ (basin A) and bonding with

a neighboring H2O (basin B)
• water molecule hopping from one cavity (basin A) to another

within a polymer (basin B)
• Na+/Cl– detaching from a kink site on a salt crystal (basin A)

and entering the surrounding water (basin B)
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I start at the perturbed point (xτ , v ′

τ ) (frame τ)

I use the new, randomly perturbed momenta to integrate the
equations of motion forward in time,
(x ′

i , v ′
i ) ∀i ∈ {τ + 1, . . . , L}

I stop when a stable state (B) is reached
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Reverse Trajectory:
I reverse the momenta: pτ → −pτ (frame τ)
I integrate the equation of motion forward in time,

(x ′
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Final Step

I Acceptance probability:

Pacc [xo → xn] = min
(
1,

ρAB [xn]ρgen[xn → xo ]

ρAB [xo ]ρgen[xo → xn]

)

I this acceptance is reduced to:

Pacc =

{
hA (x0) hB (xL) fix length L
hA (x0) hB (xL)min(1, Ln/Lo) flexible length L

! if accepted: new starting point
! if rejected: stays on the old path
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ρAB [xo ]ρgen[xo → xn]

)
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{
hA (x0) hB (xL) fix length L
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! if rejected: stays on the old path



Unpacking the acceptance rule

Lets focus on the acceptance ratio:

=⇒
ρAB [xn]ρgen[xn → xo ]

ρAB [xo ]ρgen[xo → xn]

ρgen[xo → xn] = psel(xo
τ )

L−1∏
i=τ

p(xn
i → xn

i+1)

τ∏
i=1

p̄(xn
i → xn

i−1)

p̄(xi → xi−1) =⇒ (xi ,−vi)



Unpacking the acceptance rule

Lets focus on the acceptance ratio:
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Unpacking the acceptance rule

Lets focus on the acceptance ratio:

=⇒
ρAB [xn]ρgen[xn → xo ]
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ρgen[xo → xn]
=

psel(xn
τ )
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psel(xn
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Unpacking the acceptance rule

Lets focus on the acceptance ratio:

=⇒
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i+1)

∏τ
i=1 p̄(xn

i → xn
i−1)

psel(xo
τ )

psel(xn
τ )

=
L − 1

L − 1
= 1



Unpacking the acceptance rule
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ρAB [x] ∝ hA(x0)hB(xL)
L−1∏
i=0

p(xi → xi+1)
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Unpacking the acceptance rule

Lets focus on the acceptance ratio:

=⇒
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Unpacking the acceptance rule

Lets focus on the acceptance ratio:

=⇒
ρAB [xn]ρgen[xn → xo ]

ρAB [xo ]ρgen[xo → xn]

ρgen[xn → xo ]

ρgen[xo → xn]
=
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ρAB [x] ∝ hA(x0)hB(xL)���ρ(x0)
ρ(xτ )

���ρ(x0)

τ−1∏
i=0

p̄(xi+1 → xi))
L−1∏
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Unpacking the acceptance rule
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Unpacking the acceptance rule
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Unpacking the acceptance rule
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ρAB [xo ]
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0...L)

� acceptance ratio: fixed length
ρAB [xn]ρgen[xn → xo ]

ρAB [xo ]ρgen[xo → xn]
=

hA(xn
0 )hB(xn

L )ρ(xn
τ )

hA(xo
0 )hB(xo

L )ρ(xo
τ )



We can simplify it further

� acceptance ratio: fixed length

ρAB [xn]ρgen[xn → xo ]

ρAB [xo ]ρgen[xo → xn]
=

hA(xn
0 )hB(xn

L )ρ(xn
τ )

hA(xo
0 )hB(xo

L )ρ(xo
τ )

I if only the momenta are perturb:

ρ(xn
τ ) = ρ(xo

τ )

I the initial trajectory is always a transition path:

hA(xo
0 )hB(xo

L ) = 1

I if the length of the trajectory is not fixed:

psel(xo
τ )

psel(xn
τ )

=
Ln
Lo
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We can simplify it further

� acceptance ratio: fixed length
ρAB [xn]ρgen[xn → xo ]
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I if only the momenta are perturb:
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τ ) = ρ(xo
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We can simplify it further

� acceptance ratio: flexible length
ρAB [xn]ρgen[xn → xo ]

ρAB [xo ]ρgen[xo → xn]
= hA(xn
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psel(xo
τ )

psel(xn
τ )

I if only the momenta are perturb:

ρ(xn
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Summary
I trajectory/path: x ≡ {(x0, v0), (x1, v1) . . . , (xL, vL)}

I trajectory ensemble ρ[x]:

ρ[x] ∝ ρ(x0)
L−1∏
i=0

p(xi → xi+1)

I bias the trajectory ensemble ρ[x] using an indicator function,
ρAB [x] ∝ hA(x0)hB(xL)ρ[x]

I sampling the bias path ensemble ρAB [x] using the shooting
algorithm:

xi ∼ ρAB [x]

I acceptance probability:

Pacc [xo → xn] = hA(xn
0 )hB(xn

L )min
(
1,

psel(xo
τ )

psel(xn
τ )

)
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Application in Chemistry

ρAB [x]



Information from the Path Ensembles

ρAB [x] =⇒ a large ensemble of valid transitions paths can be
used to analyze the following:
I paths of the rare events

*
I rate constant computation*
I reaction coordinate analysis*
I mechanisms of the rare events*
I free energy
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Information from the Path Ensembles

ρAB [x] =⇒ a large ensemble of valid transitions paths can be
used to analyze the following:
I paths of the rare events*
I rate constant computation*
I reaction coordinate analysis*
I mechanisms of the rare events*
I free energy



Water Chain in Nanotube
transition path of water inside a carbon nanotube

I path of the rare events
– 1174 transition paths (water-chain reorientation) identified

I rate constant computation
– rate coefficient for dipole reorientation 1/(2.1 ns)

I mechanism of the rare events
– due to the progression of a hydrogen-bonding defect

I reaction coordinate analysis
– dipole moment Mz was determined to be a good reaction

coordinate



Water Chain in Nanotube
transition path of water inside a carbon nanotube

I path of the rare events
– 1174 transition paths (water-chain reorientation) identified

I rate constant computation
– rate coefficient for dipole reorientation 1/(2.1 ns)

I mechanism of the rare events
– due to the progression of a hydrogen-bonding defect

I reaction coordinate analysis
– dipole moment Mz was determined to be a good reaction

coordinate



Water Chain in Nanotube
transition path of water inside a carbon nanotube

I path of the rare events
– 1174 transition paths (water-chain reorientation) identified

I rate constant computation
– rate coefficient for dipole reorientation 1/(2.1 ns)

I mechanism of the rare events
– due to the progression of a hydrogen-bonding defect

I reaction coordinate analysis
– dipole moment Mz was determined to be a good reaction

coordinate



Water Chain in Nanotube
transition path of water inside a carbon nanotube

I path of the rare events
– 1174 transition paths (water-chain reorientation) identified

I rate constant computation
– rate coefficient for dipole reorientation 1/(2.1 ns)

I mechanism of the rare events
– due to the progression of a hydrogen-bonding defect

I reaction coordinate analysis
– dipole moment Mz was determined to be a good reaction

coordinate



Other concepts

I Reaction coordinate
I Committor
I Separatrix
I Other variations of TPS
I Existing tools



Reaction Coordinate

I TPS doesn’t use a reaction coordinate!
reaction coordinate →TPS postprocessing analysis tool

I reaction coordinate (q) is a variable that captures the
progress of transition, one where the energy of a system has a
well-defined maximum q∗ (transition state) along the path

Chandler, David, ”Introduction to
modern statistical mechanics” (1987)



Committors and Separatrix

I committor, pA(x , ts): the probability that a trajectory,
initiated from a configuration x, will end in state A a short
time ts later

pB(x , ts) = 1− pA(x , ts)

I separatrix: the surface in configuration space where the
committor value is approximately pA ' pB ' 1/2

https://atesa.readthedocs.io/



Other Variations and Existing Tools

I Transition Interface Sampling (TIS): an extension of TPS
designed to improve the rate constant calculations

I Multiple State TPS (MSTPS): allows for the sampling of
transitions between more than two stable states in a single
calculation

I Replica Exchange TIS (RETIS): improves sampling efficiency
by exchanging paths between different interfaces, similar to
replica exchange in standard MC simulations

I Machine Learning-based TPS: the use of ML to classify stable
states or identify reaction coordinates



Applications of TPS in Chemistry

TPS

Transition in small
molecular system

Ion dissolution

Dynamic phase
transitionEvaporation

Cavitation

Nucleation

Chemical reaction

– detachment rate constant:

k−
Cl = 6300 ms

k−
Na = 160 000 ms

– reaction coordinate
– mechanism of the rare

events

– uses Replica Exchange
Transition Interface
Sampling (RETIS)

– proton transport: 1
proton/hr at neutral
pH events

– 4696 evaporation
trajectories

– could define and track
”excitations” as they occurred

– reactions coordinate
– free energy barrier


